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Dynamics of Earth-Orbiting Flexible Satellites
with Multibody Components

L. Vu-Quoc* and J. C. Simof
Stanford University, Stanford, California

A novel approach to the dynamics of satellites with flexible multibody components is proposed. The property of
invariance under superposed rigid-body motions of geometrically-exact structural theories is employed to refer the
dynamics of motion directly to the inertial frame. To avoid numerical ill conditioning, the dynamics of the far field
and the near field are treated separately by introducing a rotationally-fixed floating frame, which is a parallel
translate of the inertial frame. Constraint conditions to determine the orientation of floating frames proposed in
the past are thus entirely bypassed. The proposed formulation can accommodate an unrestricted class of
maneuvers under the action of follower forces and gravitational force, and is particularly suited for the dynamics
of flexible multibody systems undergoing a broad range of deformations.

Introduction

Satellite Dynamics: Floating Frames

F UTURE Earth-orbiting satellites will be of very large
size, constructed using lightweight materials, and there-

fore very flexible.1 Current approaches to the dynamics of
flexible structures in orbit are largely based on the assumption
of small deformation, and rely on the use of a floating
reference frame to describe the structural displacements. Lin-
earized strain measures are thus employed in these formula-
tions. The floating frames must translate and rotate with the
deformed structure such that the structural displacements fall
within the range of validity of the small deformation assump-
tion.2'3

For the type of highly flexible large space structures de-
scribed, there is no guarantee that deformations will remain
small. Hence, traditional approaches employing the small
strain assumption would yield only a first-order approxima-
tion of the nonlinear displacement field. In addition, for the
case of rotating flexible structures, we have shown in Ref. 4
that employing linearized strain measures can lead to grossly
inaccurate results. On the other hand, our methodology repre-
sents a departure from the traditional approaches in that, by
employing geometrically-exact structural theories, which are
invariant with respect to superposed rigid-body motions, the
dynamics of the structure is directly referred to the inertial
frame. Thus, we completely bypass the use of a (rotating)
floating reference frame. Moreover, by referring the dynamics
to the inertial frame, the inertia terms in the equations of
motion are much simpler as compared with those resulting
from the use of a rotating floating frame: The coupling and
nonlinearity, because of the presence of centrifugal force,
Coriolis force, and inertia force due to rotation, are conse-
quently eliminated. Within the proposed framework, inertia
terms in the equations of motion have a structure identical to
that found in rigid-body mechanics. The reader is referred to
Refs. 5-7 and 18 for several aspects of the proposed ap-
proach.

For a flexible satellite, however, since structural deforma-
tions are extremely small compared to the distance separating
the center of the Earth and satellite, numerical ill conditioning
would result if the dynamics of the satellite were referred
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directly to the inertial frame. To avoid this numerical ill
conditioning, we propose to express the dynamics of flexible
satellites relative to a parallel translate of the inertial frame,
whose origin is placed at the instantaneous center of mass of
the satellite. We emphasize here that, unlike previously em-
ployed floating frames2 which actually rotate with the de-
formed structures, the proposed floating frame does not rotate
with respect to the inertial frame. The procedure to integrate
the resulting equations of motion is discussed in detail. Fur-
ther, the action of configuration-dependent actuator forces
can be conveniently accounted for within the formulation.7"9

Multibody Dynamics
There exists a vast body of literature on multibody dy-

namics starting with the pioneering work by Hooker and
Margulies11 and Roberson and Wittenburg.12 Although most
of the research in this area is focused on systems of rigid
bodies, attention has been directed recently to the study of
flexible multibody systems. Jerkowsky gives an overview of
several approaches to the dynamics of «-body systems in Ref.
13. An extensive reference list is contained in Ref. 14. Ho and
Herber15 classify multibody systems into six categories in the
order of increasing difficulty in the formulation. This classifi-
cation contains the all-flexible chain systems and the all-flexi-
ble topological tree multibody systems as the two most difficult
classes of problems, but excludes flexible closed loops. (That
is, a set of (n + 1) bodies interconnected by n points; each of
these points is common to two bodies. The tree topology thus
implies the absence of closed loops.) Treatment of the flexible
chain system may be found for example in Ref. 16, while
treatment of the more complex topological tree multibody
system is explored in Ref. 14. In general, with the presence of
closed loops, additional nonholonomic constraints have to be
included in the equations of motion,17 and thus require special
care in the numerical integration procedure.

As a direct by-product of our formulation, one could easily
treat the above-mentioned classes of problems, including
closed loops. This is achieved without any alteration in the
formulation and without any additional constraints, since
hinge conditions are accounted for in a straightforward manner
using the Galerkin finite-element discretization of the spatial
variable in the equations of motion. Reference 6 contains
several examples that involve flexible chains undergoing large
overall motions. Further, there is no limitation imposed on the
range of structural deformation or the speed of evolution of
the system. An example of a very flexible closed-loop chain is
given herein. Although the proposed methodology is applica-
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t>le to a large class of structural elements — beams, plates,
shells, 3-D continua — we shall limit our discussion to the case
of a flexible satellite composed of beam elements.

Geometrically-Exact Beam Model: Equations
of Motion

Basic Kinematic Description
Let {O; el9 e2> £3} represent the inertia! frame with origin

O and the orthonormal basis vectors {el9 e2, £3). Consider a
beam of length L initially straight and arbitrarily positioned
in the three-dimensional space. Let S denote the coordinate
along the line of centroids of the beam: 0 < S < L. A plane
cross section £2 of the beam, initially perpendicular to the line
of centroids, is assumed to remain plane after deformation,
but needs not be perpendicular to the deformed line of
centroids. Thus, we account for shear deformation in this
formulation.

Let {*i,*2 ,t3} denote the orthonormal basis vectors at-
tached to a typical cross section with the origin placed at the
centroid, and such that {^, t2} He in the plane of the cross
section and t3 is normal to the cross section at all times. The
orthogonal transformation from the inertial basis {et} to the
cross- section basis {f/(S, 0} *s represented by the orthogonal
matrix A(,S, t), where t denotes the time parameter. In com-
ponent form, we have *,-(,$, / )=? A^S, 0^
ignates the "(*» JT coefficient of matrix A.

The position vector of the centroid of a cross section with
respect to origin O is represented by <fo(S, /) = St3(S,Q) +
u(S,t), where u = uiei denotes the displacement vector of the
centroid. The deformation of the beam can thus be described
by the motion of a typical cross section: 1) the position of the
centroid as given by the vector <fo(S, t) =* <t>Qi(S, t)ef, and 2)
the orientation of the cross section as given by the orthogonal
matrix A (5, t).
Equations of Motion

We denote by $ the skew-symmetric matrix associated with
the vector 6 — Ofei9 such that

Table 1 Equations of motion of a free-free geometrically-exact beam

where A/7 des-

0 -t 0

0
(1)

The complete set of equations of motion of the free-free beam
is summarized in Table 1, where n^niei and m^miei
represent, respectively, the internal force and the internal
moment acting on a typical cross section of the beam; n and
m denote the distributed applied force and moment.

The function ^(S, F, 12) corresponds to the constitutive law
relating the strain measure T and curvature 12 to the internal
force n and moment m. We often assume in practice that ¥
takes a quadratic form

(3)C ••= diag[ GAl , ,EIV, EI2 , GJ] ,

where GAl and GA2 denote, respectively, the shear stiffnesses
along the axes t± and t2, EA is the axial stiffness along *3,
£/! and EI2 are the principal bending stiffnesses relative to
axes /! and t29 respectively, and GJ is the Saint Venant
torsional stiffness along t3.

In Table 1, Ap-= /aP0d& with p0 the mass density, repre-
sents the mass per unit length of the beam, and lp(S, t) the
mass inertia dyadic of the cross section relative to the inertial

, 0, ' = *(S, 0 A(S, 0

_ A , , An ~ A —— —— ' m ~ A

3

ii (0, t) = n(L,t

basis {et}. Let UpC^) denote the mass inertia dyadic of the
cross section relative to the cross-section basis {*,}. We then
have

(4)

Note that the inertia terms in the equations of balance of
linear and angular momenta in Table 1 are those of a cross
section viewed as a rigid body. The reader is referred to Refs.
7-9 and 18 for further explanation of the formulation and for
the detailed numerical treatment of the equations in Table 1.

Dynamics of Flexible Satellites
Mathematically, the system of partial differential equations

summarized in Table 1 completely describes the dynamics of a
flexible satellite constituted of beam elements: the Earth gravi-
tation enters as distributed applied force n. However, using
finite-precision mathematics for computation, such formula-
tion becomes numerically ill-conditioned when the dynamics
is referred directly to the inertial frame, The reason for this ill
conditioning becomes clear when comparing the magnitude of
structural deformations with the distance from the satellite to
the center of the Earth. In this section, we present a method to
remedy this shortcoming.
Rotationally-Fixed Floating Frame

We introduce the frame { Z; a1? a2, a^}, as shown in Fig. 1,
with origin Z whose position relative to origin O of the
inertial frame is given by the position vector Z(/) = Zf(t)ei9
and such that the orthonormal basis vectors {a,} have con-
stant components relative to the inertial basis {£,}. Thus, this
floating frame only translates, but does not rotate with respect
to the inertial frame; hence, the nam§ of rotationally~fixed

Rotationally-Fixed Floating Frame

ri
Line of Centroids

* Summation convention is implied on repeated indices. These in-
dices take values in (1,2,3).

Inertial Frame

Fig. 1 Rotationall>-fixed floating frame: Parallel translate of the
inertial frame.
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floating frame. For convenience, we choose ak = ek9 which
makes { Z; e^ , e2 , e3 } simply a parallel translate of the inertia!
frame {O'9el9-e2,e3}. Let <>f(S, t) = <t>jt(S, t)et denote the
position vector of the line of centroids of the beam relative to
origin Z. Then

We refer to the map t -* Z(t) as the far-field dynamics, which
will be used later to describe the position of the satellite
relative to the inertial frame. By the dynamics of the near
field, we refer to the map t-*$(S, t), which describes the
structural deformation.

Loading Conditions
Three types of loading are considered. The simplest one is

the spatially-fixed loading with (possibly time varying) compo-
nents relative to the inertial basis vectors as given by n f ( t ) =
n { ( t ) e f . Most relevant to flexible satellites is the loading that
follows the structural deformation, such as the actuator con-
trol force— coming^ for example, from gas jets or ion thrusters
—used for the pointing maneuver and vibration suppression.
The actuator control force considered herein falls into the
category of follower loading of the circulatory type, i.e., load-
ing that is not derivable from a potential and not explicitly
dependent on time, defined as follows:

The applied load in Eq. (6) thus follows the change in orienta-
tion of the cross section, represented by the basis {*,}, and
may have time- varying magnitude. Since the follower load na

is explicitly dependent on A, we will often write na(h).
Finally, gravity loading derived from spherical potential ap-
plied to a material point of mass Ap located at a distance <j>0
from the source, here the origin 0, of the form

(7)

with jit denoting the gravitational constant, is also configura-
tion dependent. Using Eq. (7) in the preceding beam model
implies the reasonable assumption that the mass of the beam
is concentrated on the line of centroids. Although more com-
plex models of the gravitation field could be considered,25'26

our purpose here is only to show how the formulation could
accommodate configuration-dependent loading. Hence, within
the scope of this paper, we shall consider only the following
type of loading:

(8)

Far-Field Dynamics
It is essential to note that, in our formulation, the motion of

the rotationally-fixed floating frame relative to the satellite, in
strict mathematical consideration, has absolutely no influence
on the mechanical behavior of the satellite. The role of this
floating frame can be thought of simply as a "zooming device,"
and serves the sole practical purpose of avoiding numerical ill
conditioning resulting from the large difference in magnitude
between the structural deformation and the distance from the
satellite to the center of the Earth.

Thus, one is free to prescribe the motion of this rotationally-
fixed floating frame, provided that it remains within a close
neighborhood of the satellite. We choose the following differ^
ential equation to describe the motion of the rotationally-fixed
floating frame, i.e., the dynamics of the far field,

(9)

with appropriate initial conditions, where p «= Z/\\Z\\ is a unit
vector, and M ••= f[0 ^Ap(S)dS the total mass of the satellite.
The first term on the right-hand side of Eq. (9) gives the
acceleration due to the gravitational field acting on a point
mass, whereas the second term represents the acceleration
produced by the spatially-fixed force and the follower actuator
forces applied on the satellite. We note that Eq. (9), in fact,
describes the orbital motion of the instantaneous center of
mass of a flexible satellite.

Near-Field Dynamics
In treating the dynamics of the near field, one can always

assume that the far field / -» Z(t) is known a priori. As noted
previously, the dynamics of a satellite is not affected by the
motion of the rotationally-fixed floating frame. Noting that
d<f>Q/dS = d<j>Q/dS and using the decomposition in Eq. (5),
we obtain

(10)

(11)
The strain measure F is now evaluated by

dS

It is noted that Eqs. (10) and (11) are the only equations in
Table 1 that are modified by the introduction of the decom-
position [Eq. (5)].

In all applications of interest, the origin Z of the rotation-
ally-fixed floating frame is located in a small neighborhood of
the center of mass. In this case, we have e := ||4>o ||/||Z \\ «: 1.
To avoid numerical ill conditioning in the evaluation of the
gravitational force ng(Z, 4>f), one employs the following
standard Taylor series expansion, retaining terms up to order

\\Z[\2 \\Z\\ 2 ||Z||2

I _15 (Z-
\\z\\4 (12)

[0,L]

Remark 1. It should be noted that the far-field and near-
field dynamics are coupled through the dependence on A of
the follower actuator force na( A) in Eq. (9), and through the
presence of the forcing term ApZ as well as the gravity force
itg(Z, <j>f), which depends on the far field Z(t\ in Eq. (10).

Dynamic Weak Form of the Near Field
The weak formulation of Eq. (10) governing the dynamics

of the near field is the cornerstone of the finite-element
solution procedure discussed in the next section. The con-
figuration of a flexible satellite is defined by the functions
<>0(S, 0 = Z(0 + *o(S,01 and A(S, t)-. We denote by i\(S)
:= (Ti0(»S), >KSj) an admissible variation of the configuration

<> := (<>o, A). Physically, t\Q(S) = i)6/(£)*i represents a super-
posed infinitesimal displacement field, and \K»S) = ^/(^)^/ a
superposed infinitesimal rotation field onto the structure. The
(dynamic) weak form of Eq. (10) is obtained by forming the
scalar product between Eq. (10) and i\ (S), and by integrating
the scalar product over the interval [0, L]. After integration by
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parts of the resulting expression, there results

[0, L]

,n), (13)

where G($,i\) denotes the static weak form given by

[Q,L}

and G(<j>, TI) the weak form of the externally applied loading,

. (15)

[0, L]

It is noted that, in Eq. (15), the far field Z(t) is assumed to be
known, and the acceleration term ApZ is regarded as an
additional forcing term.

Computational Solution Strategy
Conceptually, we have to solve for the unknown functions

Z(f), -4»b(S,0, and A'(S»0» such mat Z=/(Z,A) and
Gdyn(<|), T|) = 0 for any admissible TJ, where <(> — (4>0, A) and
<>0 — Z 4- <>f . We propose a single- step explicit/implicit tran-
sient algorithm to solve the preceding coupled far-field/near-
field satellite dynamics problem. Consider the time interval of
interest [0, T] to be discretized into subintervals such that
[Q,T] = \Jn^Q[tn,tn+1], where 'in+i = tn + h, and h denotes
the time step size. Recall that, in a single-step solution proce-
dure, the solution at time tn+l is computed based only on the
known solution at time tn.

In line with standard usage, we employ the subscript n to
denote the temporal discrete approximate of a time-varying
quantity at time tn\ thus, for the far field, Zn = Z(tn)\ for the
near field, dn(S)m${S,tn), ^(S)*tf(S,tn), and an(S)
3$jf(S,fw); and for the rotation field, An(S) = A(S, fn),
wv(S) = w(S9 tn), and an(S) = w(S, /„). Also denote the con-
figuration at time tn as <$>n(S) := (dn(S), An(S)).
Far-Field Dynamics: Explicit Scheme

The ordinary differential equation (ode) (1) describing the
motion of the origin Z of the rotationally-fixed floating frame
is easily solved by employing any of the classical explicit
single-step algorithms for ode's (e.g., see Refs. 19 and 20)
when the function /(Z, A) is explicitly known. However, the
function A(S, t) for t> tn is not known until the equations of
motion (10) have been solved. Hence, to solve for Zn+l, using
the known solution {Zw, AW(S)}, we assume that A(S, /) =
Aw(Sr), for all / e [ t n , tn+l]. This assumption implies that the
follower load is constant in the interval ' [ t n , tn+l]. In the
implementation, we employ the explicit Runge-Kutta fourth-
order method.

Remark 2. A wide choice of numerical algorithms for
ode's—explicit or implicit, single step or multistep—could be
used to solve for the far field with the preceding assumption.
In general, due to structural vibration, the time step size of the
whole numerical integration scheme is governed by the near-
field dynamics.

Remark 3. Numerical integration of the far-field dynamics
is only necessary when external forces from other than the
gravitational field are applied on the satellite. In the absence
of these applied forces, one can use well-known analytical
solutions in orbital mechanics (the two-body problem) to
obtain directly the solution for the far field Z('f).

Remark 4. Because of the assumption that the follower
load remains constant in the interval [tn,tn+l] for the integra-
tion of the far field, the origin Z of the rotationally-fixed
floating frame will not follow the path of the center of mass of
the satellite exactly, and could gradually drift away from the
latter. We note that the assumption of piecewise constant
applied follower loading used in the integration of the far field
is closely related to the rectangular integration rule. This
assumption can be viewed as a convenient interpolation of the
follower actuator load; the role of this interpolation is to
allow a decoupling in the numerical treatment of the coupled
far-field/near-field problem. However, due to the small time
step size to accommodate structural vibration, the drift of
origin Z from the center of mass would be insignificant. In
addition, since one could always arbitrarily reposition the
floating frame relative to the satellite, as will be shown later,
the drift of origin Z from the center of mass is therefore
inconsequential as far as the structural response of the satel-
lite is concerned.

Near-Field Dynamics: Implicit Scheme
The basic problem concerning the discrete time-stepping

algorithm for the near field may be formulated as follows.
With Zn+l known from solving the far-field dynamics as
described previously, and given the known configuration $n ••=
(dn, A,7) at time tn, its associated linear and angular velocities
(tj,,ww), and linear and angular accelerations (aw ,aw), we
want to obtain the configuration $n+1

 s=.(*/w+1, An+1) at time
tn + l9 the associated linear and angular velocities (tj,+i» wn+l),
and the linear and angular acceleration (flw+i,oLw + 1) in a
manner that is consistent and stable with the dynamic weak
form Gdyn(<>, TJ) = 0, for all admissible variation T|.

To this end, we propose the generalized implicit Newmark
algorithm summarized in Table 2. Note that the algorithm for
the translational part of the configuration, i.e., $(8, /), is the
classical Newmark algorithm of nonlinear elastodynamics.10'21

The proposed algorithm for the rotational part, i.e., A(S, t),
furnishes the canonical extension of the Newmark formulas to
the group of orthogonal matrices describing the rotation field
of the beam. Recall that the rotation matrix corresponding to
a rotation vector 6 is given by22'23

expl

(16)
in which lk denotes the unit kxk matrix. In Table 2, ft and
T are the parameters in the Newmark algorithm, which re-

Table 2 Generalized implicit Newmark algorithm

Momentum balance at tn + l
Gdyn(<j>M+1, T|) = 0, for all i\ admissible

Translation Rotation

dn + il=dn + un

- r)an + ran+l]
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duces to the trapezoidal rule when /? = J' and r = \. Detailed
discussion of the preceding algorithm is lengthy and is not
within the scope of the present paper. We refer to Ref. 7 and
Ref. 9 for a geometric interpretation, the error analysis, as
well as the incremental form of this algorithm.

Remark 5. The accuracy of the implicit integration scheme
for the near field is independent of the accuracy of the
integration scheme for the far field in the sense that we always
obtain the structural displacement and rotation of the beam
up to second-order accuracy,7 regardless of the choice of
integration scheme for the far field.
Linearization: Tangent Operators

We recall that, as a result of introducing the generalized
Newmark time-stepping algorithm outlined in Table 2, the
weak form C/dyn«>w+1,'n) = 0 governing the dynamics of the
near field becomes a nonlinear functional depending on the
unknown $n+l(S) *=(dn+l(S), \n+i(S)). In what follows,
we will be concerned with the spatial discretization of this
nonlinear functional by a Galerkin procedure. First, we pro-
vide some detail concerning the linearization of the loading
term involving the gravitational force.

The solution of the nonlinear variational problem
ftyn(<IWi>'n)-0 % Newton's method involves the solu-
tion of a sequence of linearized problems, denoted by
L[G(<()^1,T))] = 0, where the superscript i designates the
iteration number. These linear problems are obtained by a
consistent linearization of Gdyn($, TJ) = 0 at the configuration
<|> = $^(3) in the direction of the incremental displacement
and rotation A<£> ̂ S) := (Aw^S), AC^S)) according to

follower loading is contained in Ref. 8. Extension of
this methodology to the dynamic problem governed by
Gdyn($+i' *n) m Ecl- 0-3) is given in Ref. 7. Thus, within the
present context, it remains only to address the linearization of
the contribution of the gravitational force field to G(4^'|l5 T|)
defined by Eq. (15). This contribution will be denoted by
6*(4>«+i»<n) m what follows. By making use of the Taylor
series expansion of Eq. (12) in Eq. (15), application of the
directional derivative formula [Eq. (18)] to G8 yields the
expression

dpWo

\\Pn
I i

(20)

where ® denotes the tensor product defined by [a <8> b]c = (b
•c)a, with a, b, and c being arbitrary vectors. If one iden-
tifies a vector to a column matrix of its components, then
[a <8> b] = [abr]. Note that the preceding tangent gravity load
stiffness operator is nonsymmetric and involves only the trans-
lational degrees of freedom. Equation (20) will be used in the
computation of the load stiffness matrix upon introducing the
spatial discretization.

!)1-0. (17)

The second term in Eq. (17) is linear with respect to A^j,
and can be evaluated employing the directional derivative
formula [the superscript i and the subscript n 4- 1 have been
deleted in Eq. (18) to alleviate the notation]:

(18)

Spatial Discretization: Galerkin Finite-Element Method
We begin by introducing a partition of the interval [0, L]

into nonoverlapping subintervals according to [0, L] =
U%-f[Sk,Sk+l], where Q = Sl<S2< ••• <SN = L. Con-
sider the following approximation for the translational field:

= E (21)

where <|>c = (Je, A£) denotes the perturbed configuration de-
fined as follows7'8:

f >= d+ eAii, A£ '= exp[ eAe] A. (19)

A detailed account of the linearization process for the static
weak form G($}l9'i\) defined in Eq. (14) that includes

where dn + ltI = dn+l(SI). Here, Nj(S) is a set of global
functions that are either prescribed or constructed from local
finite-element approximations in the standard manner. An
interpolation for An+l(S) is constructed by noting that
AW+1(S) = exp[xw+i(S)], where x«+i represents the rotation
vector associated with Aw+1. We then consider the approxi-
mation for the rotation field

Motenol Properties ® Moteriol Properties (
GAS = I06

EA =106

Ap = 1 Ayo
Ip =10 I/b

Re. mesh: 40 linear elements

T(t) ^_^) F(t)

4.8 9i6
F ( t ) = T ( t ) / I O

7=1

where

. (22)

Note that the approximation scheme [Eq. (22)] preserves ex-
actly the orthogonality property of A. Substituting the inter-
polation in Eqs. (21) and (22) into the linearized weak form
[Eq. (17)], and assuming that the incremental displacement
field A^1s=(An^1,ACil

(21) and the admissible variations
T! '= (TIO, \p) are approximated in the same manner according
to

Fig. 2 Flying closed-loop chain. Problem data. 7=1
1,1 (23)
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with S7), and

AT

>-L»,
7=1

(24)

with t|7 = T](S/), we arrive at a system of linear equations

AT

for / = 1, . . . , N. In Eq. (25), Pr represents the residual force,
and KJJ the dynamic tangent stiffness matrix obtained from

Expressions for the tangent inertia matrix MIJ9 the tangent
material stiffness matrix SIJ9 the tangent geometric stiffness
matrix GIJf and the tangent follower load stiffness L%j have
been obtained in Refs. 7 and 8, and are summarized in the
Appendix. The expression for the tangent gravity load stiff-
ness results from the introduction of approximation equations
(21), (23), and (24) into Eq. (20),

n^+iir"+1

(27)

The incremental displacement an<d rotation A^^ is com-
puted by solving the linear system [Eq. (25)]. Next, one
performs the update according to Eq. (19) to obtain the
solution Qtf+P at iteration (i 4- 1). The complete update pro-
cedure is, however, nontrivial. The reader is referred to Refs.
7-9 for detailed discussions.

Repositioning of the Rotationally Fixed Floating Frame
One of the salient features of our formulation is that the

rotationally-fixed floating frame could be arbitrarily reposi-
tioned, and its velocity with respect to the inertia! frame could
be reset at any time. Thus, in case of a drift of the origin Z of
the floating frame from the center of mass, one could easily
reposition the floating frame to the center of mass by first
computing the current position of the instantaneous center of
mass relative to Z. This position is denoted by r such that

(28)

The velocity and acceleration of the center of mass relative to
the floating frame are given by

(29)

(30)

[0, L]

[0, L]

Only when \\Z\\ and ||r|| are of comparable magnitude, so that
loss of precision on the structural deformation may occur due

to round-off error, that the repositioning procedure need be
performed. In this case, if we wish to reposition the floating
frame at time t = i, we simply restart the integration of the.
far-field dynamics with initial conditions reset as follows:

(31)

0 (25) The near-field dynamics is also reset according to

[*?(')-?(')]• (32)

It is clear that the preceding repositioning procedure leaves
the value at time r of <>0(r) =Z(t) + <|>o.(0 strictly un-
changed, and hence the values of the velocity 4>0(0> an(l °f tne

acceleration <>0(/). Further, this repositioning procedure is
most conveniently employed when a single-step integration
algorithm for ode's is used to solve for the far field.

Numerical Examples
We now give some numerical examples that involve the

dynamics of flexible multibody systems, the concept of a
rotationally-fixed floating frame, and the dynamics of Earth-
orbiting satellites to illustrate the effectiveness and generality
of the proposed formulation. All figures of the deformed
shapes reported herein are given at the same scale as the
geometry of the structure: There is no artificial magnification
of the structural deformation for visualization purposes.

Example 1 — Flying Closed-Loop Chain
To demonstrate the capability of the present approach to

model the dynamics of flexible multibody systems, we con-
sider a closed-loop chain constituted of four flexible links
interconnected by hinges as shown in Fig. 2. One of the links
is 500 times stiffer than the other three: Link AB in Fig. 2 has

Fig. 3 Flying closed-loop chain. Entire sequence of motion.

Moleriol Properties:
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Fe.Mesh; 10 lineor elements.
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Fig. 4 Flying flexible beam in 3-D motion. Problem data.
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a bending stiffness of El =•= 105, while the remaining links have
a bending stiffness of El = 200. The other material properties
are chosen to be identical for the four links, and are listed in
Fig. 2. Initially, the closed-loop chain forms a square of length
10 on each side. The whole system has no prescribed displace-
ment boundary condition. To create the forward motion, a
force is applied at end A of the stiff link AB; the overall
tumbling motion of the chain is induced by a torque applied
at the same end as shown in Fig. 2, together with the time
history of their magnitude. Figure 3 depicts the entire se-
quence of motion. A time step size of h = 0.1 is used
throughout the analysis.

Example 2—Flying Flexible Beam in 3-D Motion
We consider a free-free flexible beam initially placed at an

inclined position and subject to applied force and torques at
the lower free end as shown in Fig. 4. This example has been
previously analyzed in Ref. 7 using the time-stepping al-
gorithm partly summarized in Table 2, together with the
Galerkin finite-element method to solve the system of equa-
tions given in Table 1. Our purpose here is to show how the
concept of decomposition of the deformation map into the far
field and the near field, given in Eq. (5), could be employed in
a simple manner. The overall translational motion of the beam
results from the applied force along the axis el9 whereas the
forward tumbling motion results from the torque about axis
£3, and the out-of-plane motion from the applied torque about
axis e2. These applied force and torques, of the spatially-fixed
type mentioned earlier, induce the beam into a "kayak-row-
ing" motion shown in Figs. 5 and 6. In these figures, finite
deformation in the early tumbling stage is clearly discernible.

Since the gravitational field is not considered in this exam-
ple, and since only spatially-fixed load is applied on the beam,
the dynamics of the far field and the aear field are completely
decoupled:

n'(S)dS, (33)
, L]

"t
•s&———»-Ai

Fig. 5 Flying flexible beam in 3-D motion. Entire sequence of motion
projected on plane (el,e2).

(34)

Substitution of Eq. (33) into Eq. (34) yields the equation of
motion for the near field

u+li /-3(..i /wl- (35)

Thus, in this example, one does not need to solve for the far
field, if only the near-field dynamics is of prime interest. The
result of solving for the dynamics of the near field using Eq.
(35) instead of Eq. (10)x is shown in Fig. 7 with a clear
physical meaning: The motion given in Fig. 6 as perceived by
an inertia! observer is now seen by an observer attached to the
rotationally-fixed floating frame and moving with the instanta-
neous center of mass of the beam, A time step size of h = 0.1
is used in both analyses (with and without the rotationally-
fixed floating frame). A justification of the time step size
chosen can be found in Ref. 7.
Example 3—Satellite Dynamics: Libration and Orbit Transfer

Example 1 demonstrates how systems with flexible compo-
nents connected through hinges can be analyzed with no extra
effort in accounting for the hinge constraints that arise in
traditional approaches to multibody dynamics. While the
analysis of the closed-loop chain in example 1 is performed
for the plane motion, our formulation can accommodate fully
three-dimensional motion of the beam subjected to a possible
state of finite deformation as shown in example 2. The latter
example also serves to illustrate the effectiveness of the con-
cept of the rotationally-fixed floating frame. Both these exam-
ples, on the other hand, do not take into account the effect of
gravitational load.

To illustrate the proposed methodology for solving the
coupled far-field/near-field problem in the presence of gravi-
tational force, we consider, in this last example, a beam of
length 100v/2 completely contained in the plane {elye2} and
placed at 45 deg with respect to axis el. The center of mass of
the beam is initially located at a distance of 7 X 106 from the
center of the Earth (the origin 0): Z(0) = 7 X 106 e±. For the
center of mass to describe a circular orbit, an initial velocity
of Z= 7544.1557 e2 is chosen; the gravitational constant
being /i = 3.984 X 1014. We are interested in capturing the
librational motion resulting from the effect of gravity gradient
on orbiting satellites whose geometry departs from spherical
symmetry. Hence, for simplicity, we choose the initial condi-

Fig. 6 Flying flexible beam in 3-D motion. Perspective view of entire
sequence of motion from an observer fixed in the inertial frame.

Fig. 7 Flying flexible beam in 3-D motion. Perspective view of entire
sequence of motion from an observer fixed in the parallel translate of
the inertial frame.



556 L. VU-QUOC AND J.C. SIMO J. GUIDANCE

1000 2000 3000 4000 5000 6000

Time (sec)

Fig. 8 Satellite dynamics: libration and orbit transfer. Evolution of
the libration angle X on lower circular orbit.
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Fig. 10 Satellite dynamics: libration and orbit transfer. Complete time
history of the libration angle.

Fig. 9 Satellite dynamics: libration and orbit transfer. Transition from
a lower circular orbit to a higher circular orbit.

tions for the near field and for the rotational field to be

1 -1
1 1
0 0

(36)

Let X be the (libration) angle between the beam and the unit
vector p '= Z/\\Z\\ known as the local vertical. The dynamics
of libration of a uniform bar on circular orbit (||Z|| = const) is
governed by the differential equation24

3jLtsin2X (37)

The initial conditions for Eq. (37) that correspond to the
preceding chosen initial conditions for the far field and near
field are given by X(0) = *r/4 and X(0)= -||Z(0)||/||Z(0)||.
Figure 8 shows the evolution of the libration angle X obtained
using the present approach by solving the far-field/near-field
dynamic problem as described previously, and by solving Eq.
(37) using the fourth-order explicit Runge-Kutta method. Both
curves in Figure 8 are obtained with a time step size of
h = 100, which, in fact, covers a complete circular orbit in
about 60 steps—the orbital period for the preceding initial
conditions of the far field is 5830 s. With a smaller time step
size, for example, h = 10, we can exactly achieve the result as
obtained from solving Eq. (37). In addition to the second-order

accuracy of the algorithm summarized in Table 2, as com-
pared to the fourth-order accuracy in the integration of Eq.
(37), we note that the need for a smaller step size stems from
the fact that the semidiscrete equations (ode's) of the equa-
tions in Table 1 are indeed much stiffer than Eq. (37).

To demonstrate how a combination of loading given by Eq.
(8) could be applied on the satellite, we consider an orbit
transfer from the current circular orbit to a higher circular
orbit by passing through an intermediate elliptic orbit. This
orbit transfer is achieved by activating the satellite thrusters
under the form of impulsive loading in two stages. First, when
the satellite completes the first revolution in the low circular
orbit, impulse loading with resultant in the direction of axis e2
is applied to induce an increase in magnitude of the velocity
Z, and thus put the satellite into a transitory elliptic orbit as
depicted in Fig. 9. The time history of the libration angle (in
degrees) is given in Fig. 10. Next, when the satellite reaches
the apogee of this transitory orbit, impulsive thruster force,
with resultant in the negative direction of axis e2, is again
applied to put the satellite on a higher circular orbit with the
radius being the distance from O, the center of the Earth, to
the apogee of the elliptic orbit. Since the satellite tumbles on
the transitory orbit, as can be seen from Fig. 10, an impulsive
moment is also applied at the same time to stop the tumbling
and, therefore, subsequently induces the satellite into a libra-
tional motion in the higher circular orbit. The radius of the
higher orbit is about 1.643 X 107 with an amplitude of libra-
tion about 70 deg over one-half of a librational period of
about 9610 s. The librational period on this higher orbit can
be verified by solving Eq. (37) with appropriate initial condi-
tions. It is emphasized here that Fig. 9 is the plot of computed
values of the far field Z, while the plot in Fig. 10 is obtained
from the computed values of the near field <>o •

Conclusion
A new approach to the dynamic analysis of flexible Earth-

orbiting flexible satellites with multibody components has
been presented. The formulation relies essentially on the prop-
erty of invariance with respect to superposed rigid-body mo-
tions of geometrically-exact structural theories. This property
leads to considerable simplification of the inertia operator in
the equations of motion, as the dynamics of motion is referred
to the inertial frame. For satellite dynamics with gravitational
loading considered, this property further allows an additive
decomposition of the displacement field into the far and near
fields. As a consequence, the concept of a rotationally-fixed
floating frame is introduced. An efficient integration proce-
dure is then proposed to integrate the coupled far-field/near-
field dynamics. The present formulation accounts for the
action of follower actuator forces, a type of configuration-
dependent loading of particular interest in satellite dynamics.
The dynamics of multibody systems composed of flexible
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structures interconnected through hinges constitutes a class of
problems solvable by the proposed methodology. Finally, we
recall that large deformations in the structures are automati-
cally accounted for in the present formulation, and there is
absolutely no restriction on the speed of evolution of the
systems: all physically relevant phenomena are properly repre-
sented.

Appendix: Finite-Element Matrices
We summarize in this appendix the expressions for the

tangent matrices that appeared in Eqs. (25) and (26).
Residual Force

(Al)

where the differential operator E is defined as

and

Note that we will often use the notation [6 X ] = 0.

(A2)

Tangent Inertia Matrix
The tangent inertia matrix has the following structure:

M<i,i)
IJ

OU IJ A<f'>» » A »

with

(A3)

(A4)

, (A5)

with A = Ara, W=J£W, and the matrix T defined as fol-
lows:

e®e neii/2 [ e ® 9 ] e
~ lief tan<iieii/2) [l3 yen2 J 2 •

Tangent Material Stiffness Matrix

ds, (A?)
where c(A« ) ~ n(A<JVi)Cnr(A<J>+1), and H(A) ==
diag[ A, A] e R6 X 6 is a block diagonal matrix.
Tangent Geometric Stiffness Matrix

, (A8)

where the operator T and the matrix B are denned as

TT:=
^13 O O

O 4*1* 1,
(A9)

o
o

o
o
o

[-mX] (A10)

Tangent Follower Load Stiffness

° o
(All)
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